Though 3D imaging gives a deep insight of the inner structure of complex materials, the stereological analysis of 2D snapshots of material sections is still necessary for large scale industrial applications for obvious reasons related to time and cost constraints. In this paper, we propose an original framework which aims at estimating the orientation distribution of generalized cylindrical structures from a single 2D section. Contrary to existing approaches, the knowledge of the cylinder cross section shape is not necessary.
Introduction
In material science and engineering, exploring the three dimensional (3D) structure of materials is essential to understand and predict their physical properties and behaviour (e.g. Couégnat et al., 2010) . In the case of composite structures, parameters of interest are for instance the volume ratio, the shapes, the sizes and the spatial distribution of the objects composing the material. In particular, the mechanical properties of woven fibrous composites closely depend on the actual 3D layout of its fibers. Even if fiber layout is meant to be consistent with the nominal manufacturing process, it may show some discrepancies in practice and has to be controlled by artificial vision. Material structure can be observed and analysed quantitatively. Resulting data can be used either directly or indirectly for simulations of material life (Kim et al., 1997; Davidson et al., 1997; Coindreau and Vignoles, 2005; Couégnat et al., 2010) . Obviously, 3D imaging techniques can give direct insights of the material volume. However, depending on the material and on the application of interest, such imaging techniques may be too expensive and not technically appropriate. For instance, when imaging composite structures at microscopic scale, the use of tomography requires a compromise between resolution and sample size. Studies carried out on very high resolution X-ray Computarized Micro Tomography (CMT) scans (≈1-2 µm per pixel) allow a fine analysis of fiber size, orientation and density at the intra-yarn scale (e.g. Coindreau and Vignoles, 2005; Martín-Herrero and Germain, 2007; Chapoullié et al., 2013) .
At such scales individual fibers can indeed be segmented and described but the weave itself (i.e. the mutual arrangement of yarns) cannot be investigated since only small samples of a few millimeters can be digitized. Instead, when using CMT scans at lower resolution (≈10 µm per pixel) weave geometry can be analyzed but individual fibers can not be isolated and described (e.g. Badel et al., 2009; Hivet et al., 2010; Bale et al., 2012 ).
An alternate way to obtain 3D images of a material is confocal microscopy (Eberhardt and Clarke, 2001; Lee et al., 2001) . It consists in reconstructing 3D views from multiple optical sections of the sample. However, the use of confocal microscopy requires expensive equipment, implies specific sample preparation and applies only to semi-transparent materials. Besides, as explained by Clarke et al. (2012) , confocal laser scan microscopy is of little use for characterising carbon fibres in composites unless the particular samples of interest have low packing fractions of carbon fibres.
The technique of Coherent Diffraction Imaging has also taken off in the past decade, which allows 3D imaging of a wide range of material and biological samples (Miao et al., 1999 (Miao et al., , 2012 . Though powerful, this technique is intended for nanoscale structures and is inappropriate in industrial contexts where large material samples have to be analyzed quantitatively.
Another simple approach that does not need 3D imaging is the dissector (Sterio, 1984; Davidson et al., 1997; Lee et al., 2002) . This is a stereological technique based on the observation of thin, parallel, contiguous slices of the material. However, though it generally brings worthwhile results, obtain-ing perfectly parallel slices of an acceptable thickness is quite laborious in practice.
Whatever the technique, investigating material structures in 3D reveals complex and not really appropriate in industrial contexts where imaging devices are needed to quantify and control samples both at large scale and high resolution. In such cases, 2D devices such as SEM or optical imaging are much more affordable and easy to use. Provided that microscopes are equipped with motorized stages, very large samples can be observed and analyzed with reasonable time and cost constraints. Although acquired data are two-dimensional, valuable information about 3D materials from 2D images.
Stereological techniques allow to extract 3D quantitative measurements from plane sections, especially in the case of 3D objects with a simple geometry such as spheres, ellipsods or cylinders (Russ and Dehoff, 2000; Oakeshott and Edwards, 1992) . When dealing with anisotropic structures, even 3D orientation can be deduced from 2D. For instance, in the case of fibre composites (Blanc et al., 2006) or cubic metallic structures (Germain et al., 2005; Blanc et al., 2010) , hypotheses about the shape and spatial distribution of objects allow to derive formulas relating 3D geometry to the shape and spatial layout of 2D sections.
In this paper, we deal with fibrous structures where fibres can be modelled by generalized cylinders with arbitrary shape and area. We are interested in the 3D orientations of these cylinders from 2D. More precisely, we focus on their cutting angle i.e. the angle formed between their 3D axis and the normal to the cutting plane. The relation between the cutting angle and the 2D section shape is well known when the cylinder base (i.e cross-section) is circular (Blanc et al., 2006) . Indeed, in the latter case, the cylinder oblique section is an ellipse. The cosine of the cutting angle is the ratio of the minor and major axes of the ellipse. It is even possible to find the orientation of the cylinder axis up to an orientation ambiguity, which can be overcome in some cases (Mlekusch, 1999; Blanc et al., 2006) .
Things get worse when the cylinder base is not circular since, in the general case, it is difficult to predict the shape of the cylinder section in 2D when it is cut at an arbitrary orientation. As a consequence, it is almost impossible to deduce individual cylinder axis orientation except in some simple specific cases (e.g. cylinders with triangular or rectangular bases with known geometry and area). In this paper, we argue that it is possible to deduce the statistical distribution of cutting angles from the distribution of the areas observed on an oblique section. This can be done, whatever the shapes of 6 the cylinder bases, if the statistical distribution of base areas is known. Even if this approach does not retrieve individual cutting angles, it provides their statistical distribution thus allowing to quantify 3D anisotropy from 2D.
In section 2, we describe the theoretical background of the proposed approach, from the definitions and hypotheses to the implemented algorithms.
In section 3, the approach is validated through a series of experiments performed on theoretical distributions and synthetic data. In section 4, we apply the procedure to the estimation of fiber orientations in fibrous composites observed in 2D. Finally, we give a few conclusions and prospects.
Theoretical background

A few definitions
The word cylinder has a number of related meanings (e.g. Kern and Bland, 1948; Ballard and Brown, 1982; Harris and Stocker, 1998; Weisstein, 2013) . One of the most general is the following: a cylinder or cylindrical surf ace is a ruled surface formed by a straight line or ruling moving continuously in 3D space without changing its direction.
When the moving line returns to its starting point, the cylindrical surface is said to be closed. In this case, the curve of intersection between the cylin-drical surface and any plane perpendicular to the rulings is a closed curve, called cross section or base. A cylinder whose cross section is a circle or an ellipse is called a circular or an elliptic cylinder respectively.
We will call generalized cylinder a closed cylindrical surface with arbitrary cross section. We will call oblique section, the curve of intersection between the cylinder and an arbitrary cutting plane. If the cutting angle, i.e. the angle between the normal to the plane and the rulings, is different from π/2 then the oblique section is closed and its area is finite.
Let C be a random generalized cylinder, cut by an arbitrary plane. Let 
For greater simplicity, let Z = cos Θ be the random variable describing the cosine of the cutting angle. Then :
Let F X (x) = P (X < x) be the cumulative distribution function of X 
and F Z be the probability density functions and cumulative distribution functions of Y , Θ and Z.
Relating probability density functions through a differential equation
In this paragraph, we will relate the density of the oblique section to the density of the cross section. Let us start from the expression of the cumulative:
Conditioning on Z, it follows:
As one can reasonably assume that the cosine of the cutting angle and the cross section area are independent, i.e. X and Z are independent, the previous expression becomes:
Deriving F Y , we get:
Equation 6 shows that it is possible to relate the three density functions.
Suppose that the densities of X and Y are known, then looking for the density of the (cosines of the) cutting angles is equivalent to finding a solution f to the following differential equation:
with the double constraint: However, it appears that such a resolution is difficult to address as it is hardly possible to choose a function space in which to perform the optimization without any a priori about the distributions of cutting angles p Θ and cosines p Z . Besides, in practice, the distribution of areas p Y with oblique sections is not known analytically. However it can be approximated by a discrete histogram.
Discretization of the density functions
where y k ≤ y k+1 , y 1 = 0 and y M +1 = ∞. The operator t denotes the matrix transpose.
with z l ≤ z l+1 , z 1 = 0 and z N +1 = 1.
It comes:
If the interval [z l , z l+1 [ is small enough, p Z (z) can be considered to be constant over the interval, that is:
Then,
It appears that, under the assumption 12, the discrete values h Y,k are linked to the discrete values h Z,l through a linear equation:
with:
Least squares formulation
In practice, the discrete distribution of oblique section areas h Y is unknown but is estimated from a statistical sample (from an image). Let
Besides, if the distribution of orthogonal section areas p X is known, the coefficients b k,l can be calculated or, at least, numerically approximated.
Our optimization problem can thus be expressed as the search of a dis-
When choosing the least squares criterion, the searched distributionĥ Z is the solution of the constrained optimization problem:
with N l=1 r l = 1 and r l ≥ 0, ∀l.
Matrix form and algorithms
The above least squares optimization problem can be rewritten under the matrix form:
Such a quadratic optimization problem with linear equality and inequality constraints can be solved using standard algorithmic solutions such as, for instance, the functions lsqlin() or quadprog() under Matlab c environment.
Experimental validation
Experimental design
The proposed approach has been validated at three levels:
• Level 1, the theoretical level, focuses on the validation of the optimiza- • Level 2, the sampling level, evaluates the influence of statistical sampling. Our goal is here to simulate a collection of L generalized cylinders with various cross sections and cutting angles. p X and p Θ are thus sampled L times providing samples for the cross section areas In our experiments, the distribution of the cross section area is chosen to be normal: X ∼ N (µ X , σ X ). Though arbitrary, this hypothesis proves to be relevant in practical cases (see section 4). It is always assumed to be known.
As for the cutting angles, two kinds of distributions are considered: a wrapped normal distribution WN (µ θ , σ θ ) or a mixture of two wrapped nor-
The proposed optimization process provides with the estimated discrete cosine distributionĥ Z that minimizes the least squares criterion h Y −BR 2 .
The latter measures the adequacy between the actual oblique section area distribution h Y and its approximation usingĥ Y = Bĥ Z . Along with this criterion, we also plot a direct measure of the adequacy betweenĥ Z and h Z using the error function:
Various values are tested for the histogram bin numbers M (from 30 to between these distributions appears to be almost perfect.
Results
Validation level 1: theoretical level
In figure 3 , we plot the error E(h This experiment was repeated a hundred times for various angle distri- butions W N (µ θ , σ θ ). Table 1 Error value are stable too with a mean around 0.1, corresponding to small exchanges between intervals.
Validation level 3: image synthesis
The final validation stage is carried out using synthetic images that simulate the section of 3D cylindrical structures as explained above. Figure 6 shows an extract of such an image. 4. Application to microscopy images of woven composite materials
Context
The approach developed in this paper was applied to images of fibrous composite structures. These structures are made of threads containing around a thousand carbon fibres. The material used here is a needled laminate. It is made of woven layers composed of threads lying in the X and Y directions angle distribution by applying the method presented in previous sections.
Results and discussion
As a prerequisite of the method is to know the distribution of fibre cross section areas, images of orthogonal views of fibre bundles were needed. As fibres rarely appear as straight parallel bundles in materials, specific samples were prepared where isolated threads were stretched and flooded with an epoxy resin by vacuum infusion.
Then, these samples were cut and polished so that fibres appear as perpendicularly as possible to the sample surface. Images similar to the one in figure 8 were acquired by optical microscopy at a resolution of 0.052 µm per pixel. They were finally segmented and analysed to get an estimate of the cross section area distribution. The reader may also notice that the experimental distribution is not exactly symmetric, which entails a slight deviation of the Gaussian fit to the right and a little overestimation of the distribution mode. This is due to the presence of some fibres that are not perfectly orthogonal to the image plane.
Besides the preliminary study of cross sections, a sample of a woven carbon composite was also prepared by resin vacuum infusion and analysed by microscopy. A collection of images similar to the one in figure 9 was acquired at a resolution of 0.26 µm per pixel.
A total of 30,012 fibres, cut at arbitrary angles, were segmented and analysed. Figure 10 shows, on the right, the observed oblique section area distribution. It can be seen that the distribution mode has now clearly moved to the right and that the distribution is now heavy tailed due to the presence of a high number of fibres cut with large angles. that the prior estimation of cross section area distribution must be carried out carefully even if average fiber sizes are supposed to be provided by fiber suppliers. When using 2-D microscopy imaging, the estimation of the area distribution must be carried out on specific fibre bundle samples prepared and observed so that fiber sections appear as perpendicular to the image plane as possible.
Actually, such orthogonality is difficult to obtain in practice and a special care must be taken to ensure that the fibers are perfectly straight and parallel. Though not adapted for large scale studies, 3-D imaging techniques could be used for the prior estimation of area distributions instead of 2-D imaging, thus avoiding difficulties relate to sample preparation. High resolution x-ray microtomography (Chapoullié et al., 2013) or x-ray coherent diffraction imaging (Miao et al., 2012) could be interesting alternatives.
Another potential limitation is the variability of fiber supplies.
Indeed, it was observed that fiber section areas may vary from a bundle to another. As a corollary, a specific attention must be paid to how the reference sample used for area distribution estimation is representative of the actual carbon weave. The required number of fiber bundles will have to be investigated to guarantee the relevance of the distribution estimation.
Conclusion
In this paper, we have presented and evaluated a novel method for the estimation of the orientation distribution of cylindrical structures from a single section image. Contrary to existing approaches, the method is not tied to the shape of cylinder bases and can be applied with structures of arbitrary shapes. The only prerequisite is the knowledge of the cross section area distribution. It hinges on the discretization of area and angle distributions and on the minimization of a least squares criterion that can be carried out with standard quadratic optimization solvers. A thorough evaluation has been conducted on synthetic data which showed the capabilities of the approach in various cases including unimodal and bimodal angle distributions with various mean and standard deviations. Finally, the proposed algorithm was applied in an industrial context to the estimation of cutting angles from images of 3D fibrous structures. Here again, the capabilities of the approach were evaluated. Though promising, the approach proved to be sensitive to deviations from the model used in the algorithm. The first results obtained on experimental images showed that the prior estimation of the cross section area distribution must be carried out with accuracy. Future work will be devoted to a deeper study of the approach sensitivity both on synthetic and experimental data, and of the conditions under which it can be applied in an industrial context.
